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THE HEISENBERG 3-MANIFOLD IS CANONICALLY
ORIENTED
LAURENCE R. TAYLOR
Abstract. This note describes a canonical way to orient the
Heisenberg 3-manifold.
The Heisenberg manifold M3 is an example of a nil manifold with a
minimal model consisting of classes xˆ, yˆ, wˆ in degree one and dwˆ = xˆ∧yˆ.
The classes xˆ and yˆ are a basis for the 1-cocycles. If x and y are the
corresponding cohomology classes they are a basis for H1. The coho-
mology class of the cocycle xˆ∧yˆ∧wˆ is a generator ofH3(M ;Q) ∼= Q. An
orientation of M also determines a generator [M ]∗ ∈ H3(M ;Q). The
canonical orientation of M is the orientation so that xˆ∧ yˆ∧ wˆ = r [M ]∗
with r > 0. The theorem below shows the orientation is canonical.
Define a pairing H1×H1 → H3 as follows. Let x0 and y0 be any two
elements in H1. Choose 1-cocycles xˆ0 and yˆ0 whose cohomology classes
are x0 and y0 respectively. Since x0∪y0 = 0 ∈ H
2, there exists wˆ0 such
that dwˆ0 = x0 ∧ y0. Define ≪x0, y0≫ to be the cohomology class of
xˆ0 ∧ yˆ0 ∧ wˆ0. The next theorem shows this pairing is well-defined.
Theorem. For any two elements x0, y0 in H
1, let A be the matrix
expressing these classes in terms of the basis x, y. Then ≪x0, y0≫=
(detA)2 ≪x, y≫. Hence the pairing is well-defined and the canonical
orientation can be determined from any basis for H1(M ;Q).
Proof. Let x0 = ax+ by and y0 = cx+ dy so detA = ad− bc. Since the
map from the 1-cocycles to H1 is an isomorphism, the only choices for
1-cocycles are xˆ0 = axˆ+byˆ and yˆ0 = cxˆ+dyˆ. Then xˆ0∧yˆ0 = (detA)xˆ∧yˆ.
Any choice for wˆ0 must be of the form (detA)wˆ + pxˆ + qyˆ. Check
xˆ0 ∧ yˆ0 ∧ (pxˆ+ qyˆ) = 0. Then xˆ0 ∧ yˆ0 ∧ wˆ0 = (detA)
2xˆ ∧ yˆ ∧ wˆ. 
Remark. The pairing ≪x0, y0≫ is equal to
1
2
x0 ∪ 〈y0, x0, y0〉 where
〈y0, x0, y0〉 is the Massey triple product. Hence the canonical orienta-
tion can also be determined using singular cohomology or de Rahm
cohomology.
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